Abstract If a pure state of a qubit pair is developed over the four basis states, it is known that an equality between the four coefficients of that development exists if and only if that state is unentangled. This paper considers an arbitrary pure state of an N -qubit system, developed over the 2 N basis states. It is shown that the state is unentangled if and only if a well-chosen collection of [2 N − (N + 1)] equalities between the 2
Introduction
The concept of Blind Source Separation (BSS) was introduced around 1985 in the field of classical (i.e. non quantum) Information Processing (IP). BSS is presently an active domain of IP. In BSS, typically, a set of users (the Writer) presents a set of simultaneous signals (input signals, called sources) at the input of a multi-user communication system (the Mixer). The sources, compelled to possess some general properties (e.g. mutual statistical independence), are then combined (mixed, in the BSS sense) in the Mixer. Another set of users (the Reader) receives the signals arriving at the Mixer output. The Writer possibly knows the sources, but the Reader does not know them, and cannot access the inputs of the Mixer. That Mixer uses one or several parameter values, unknown to the Reader, who only knows some of its general properties. The Reader's final task is the restoration of the sources (possibly up to some so-called acceptable indeterminacies [3] , [7] ) from the signals at the Mixer output, during the "inversion phase". An intermediate task is the determination of the unknown parameters of the Mixer, or of its inverse, made during an "adaptation phase". More information on the principle of BSS and on its applications may be found e.g. in [3] , [7] .
In 2007 [4] we started the development of the quantum counterpart of BSS, which we called Blind Quantum Source Separation (BQSS), and we have been developing solutions since then (cf. [5] - [9] and references therein). We recently extended BQSS to the concept of Blind Quantum Process Tomography (BQPT) [6] , [10] . In our previous papers, we considered two distinguishable qubits numbered 1 and 2. They are first prepared in a pure unentangled state | Ψ (t w ) >, by the Writer, at time t w . The qubit pair is isolated from the rest of the world between t w and the time t r when the Reader can operate. At time t r , the qubit pair is therefore still in a pure state | Ψ (t r ) > but, because of an undesired coupling between the qubits (viewed as the action of the Mixer), | Ψ (t r ) > is generally entangled. The Reader's task is the restoration of | Ψ (t w ) > from | Ψ (t r ) > (again possibly up to some acceptable indeterminacies). A class of the existing BQSS methods uses the entanglement concept in the restoration of that initially unentangled state ( [9] and references therein).
In our previous papers, qubits were supposed to be physically implemented as spins 1/2. We hereafter first recall the notations used for the writing of an arbitrary pure state | Ψ > of a qubit pair. | Ψ > is developed as:
where
and | ++ > is an abbreviation for | 1, + > ⊗ | 2, + >, | 1, + > being the eigenstate for the eigenvalue 1/2 in the standard basis of qubit 1. We now consider an arbitrary N -qubit system, and generalize this writing: for qubit number k in an N -qubit system:
and for a pure state | Ψ > of this N -qubit system:
N −1 states, and in state | − > in the 2 N −1 remaining states. And
While keeping notations introduced for spins 1/2 and using the standard basis, we immediately stress that the results established in the following sections are in fact more general, for the following reasons. First, for an arbitrary spin i, one may introduce the component s ui of the spin operator − → s i along an arbitrary direction − → u i , and then use the eigenkets of s ui instead of those of s zi . And secondly, instead of spins 1/2, one may consider abstract qubits, and call | + > and | − > two pure states of a given qubit defining an orthonormal basis of its state space.
In [8] , we showed that a pure state | Ψ > of a qubit pair is unentangled if and only if the c i coefficients obey the equality
and we showed that this equality was also verified when e.g. c 1 = 0. We moreover explained in detail why this relation between the c i coefficients is more useful in the BQSS context than other already established conditions. This question is briefly discussed in Section 4 in the present case, N > 2. In this paper, the proposed necessary and sufficient condition will take the form of a set of equalities between the c i coefficients. In Section 3 it will e.g. be shown that | Ψ > is unentangled, when N = 3, if and only if the following two subsets (S 1 , S 2 ) of equalities, corresponding to a total of four independent equalities, are simultaneously verified:
In Section 2 we introduce some general considerations, which could help in finding a condition between the c i coefficients to be obeyed if and only if the state is unentangled, if it exists. In Section 3 we establish a collection of equalities constituting such a condition. In Section 4 we first discuss the content of the results. We then shortly examine some already existing criteria dedicated to (un)entangled pure states. We finally explain that already existing papers, aiming at some classification of pure unentangled states of multipartite systems through the concept of Local Unitary transformations, in fact do not address the problem discussed in this paper.
2 Towards a generalization of the relation between the c i existing for a qubit pair
In order to extend the BQSS methods beyond the simplest case, the qubit pair (N = 2), it is highly desirable to find a set of relations, if it does exist, which, when N > 2, could be substituted for the equality c 1 c 4 = c 2 c 3 . We have to find a collection of equalities between the c i which are obeyed if and only if | Ψ > is unentangled. We will consider only normed states: < Ψ | Ψ >= 1. Moreover only the projector | Ψ > < Ψ | has a physical meaning: one should not distinguish between | Ψ > and e iη | Ψ > (η: any real number). Therefore, if the complex numbers c i are written c i = ρ i e iϕi (ρ i and ϕ i : real numbers, i = 1, 2...2 N ), then rather than the 2 N phases, only e.g. the (2 N − 1) phase differences (ϕ i − ϕ 1 ) are meaningful when defining an arbitrary pure state | Ψ > . Consequently, an arbitrary pure state | Ψ > of the N -qubit system is defined by the value of (2 N +1 − 2) independent real numbers: (2 N − 1) moduli and (2 N − 1) phases. However, an unentangled pure state may be written as:
where each ordered factor describes the state of a given qubit, and therefore depends upon two real numbers (a modulus, a phase). An unentangled state | Ψ ue > therefore depends upon 2N real numbers only. Then, if | Ψ ue > is developed following (4), there should exist 2[2 N −(N +1)] relations between the 2 N +1 real quantities {ρ i , ϕ i } (besides those expressing that only | Ψ >< Ψ | has a physical meaning and that | Ψ > is normed). This result strengthens the hope that there may exist, between the c i coefficients, a set of [2 N −(N +1)] equalities which are verified if and only if | Ψ > is unentangled. This is presently only a hope, since normalization of | Ψ > and the physical meaning of | Ψ > < Ψ | lead to two constraints between real numbers, not to a constraint between the c i themselves. The present paper will not try to directly prove the existence of such relations between the c i for unentangled and only unentangled pure states, but will rather use an iterative approach in order to try and establish such general relations.
Finding a necessary and sufficient condition: an iterative approach
We will first examine the N = 3 and N = 4 cases in some detail, starting with N = 3. It is supposed that c i = 0 for any i value. The case when c i = 0 for at least one i value will be discussed in Section 4.
When N = 3, any pure state may be written as:
where | + >, in the writing c 1 | + >, and | − > in the writing c 2 | − > refer to a state of qubit no. 3. One may write | Ψ > e.g. as the following product:
where | Ψ (1, 2) > refers to a pure state of the (1, 2) qubit pair, and | Ψ (3) > to a pure state of qubit 3, if and only if:
which will be written as:
When these equalities are obeyed, | Ψ > may be written as:
(13) | Ψ > is unentangled if and only if, moreover, | Ψ (1, 2) > is an unentangled state of the (1, 2) qubit pair. This last property is obeyed if and only if (5) is satisfied, which is presently written as:
When N = 3, | Ψ > is therefore unentangled if and only if the two subsets of equalities (6) and (7), expressing a total of 4 (independent) equalities, are verified. Therefore, the above-expressed hope of finding a necessary and sufficient condition for unentanglement using [2 N − (N + 1)] relations between the c i is satisfied when N = 3.
Similarly, when N = 4, any pure state may be written as:
where now | + > in the writing c 1 | + > and | − > in the writing c 2 | − > refer to a state of qubit no. 4. And | Ψ > may be written as the following product:
if and only if the following equalities are satisfied:
And similarly, when these equalities are obeyed, | Ψ > may be written as:
(18) | Ψ > is unentangled if and only if moreover | Ψ (1, 2, 3) > is an unentangled state of the qubit subsystem {1, 2, 3}. From the results just obtained for N = 3, one knows that this is true if and only if the following two subsets of equalities are obeyed:
Therefore, when N = 4, | Ψ > is unentangled if and only if the following three subsets of equalities are verified:
When N = 4, this necessary and sufficient condition is therefore expressed through 3 subsets of equations, expressing a total of 11 equalities, which is also again the value of [2 N − (N + 1)] , now for N = 4. Now taking an arbitrary N value, one may write any pure state | Ψ > as:
which generalizes Eqs. (9) and (15) . The reasoning which led to Eq. (12) and (17) now leads to:
This subset contains (2 N −1 −1) independent equalities. When they are obeyed, | Ψ > may be written as: We now momentarily suppose that the property established for N = 3 and N = 4 is true for N − 1 (with N − 1 ≥ 4), i.e. that | Ψ > is unentangled if and only if the following (N − 2) subsets of equalities are simultaneously verified:
.............
S N −3 :
In order to help the reader anxious to see more explicitly the meaning of the dots in Eq. (30), and in Eq. (36) hereafter, the 6 subsets for N = 7 are all written at the end of this section (four of them again with dots, but now with a rather obvious meaning). The approach already used for N = 3 and 4 is now applied to an N −qubit system. The first step consists of writing the first subset, which is verified if and only if | Ψ > obeys the equality | Ψ >=| Ψ (1, 2, 3 , ...N − 1 > ⊗ | Ψ (N ) > . The same reasoning leads to the S 1 subset, Eq. (33), written a few lines hereafter. One then expresses the unentanglement of | Ψ (1, 2, 3 , ...N − 1) > with the help of (27) to (32), which leads to the N − 2 other subsets:
Any reader aiming at establishing these equalities should appreciate that the c i coefficients in Eq. (4) are generic quantities. For instance, c 1 is the coefficient for | + + + > if N = 3, whereas it is the coefficient for | + + + + + > if N = 5. Since Eqs. (33) to (38) for N qubits have the same general structure as Eqs. (27) to (32) for (N − 1) qubits, which were momentarily assumed to be true for (N − 1) qubits, this result is true for N if it is true for (N − 1).
When N = 2, the collection of these equalities is reduced to the S N −1 equality, c 1 c 4 = c 2 c 3 , which was established in [8] . The existence of these sets of equalities has moreover been established for N = 3 and N = 4 in this paper. Therefore, N being an arbitrary number of distinguishable qubits in an arbitrary pure state | Ψ > , these equalities, structured into (N − 1) such subsets, are obeyed if and only if state | Ψ > is unentangled.
If e.g. N = 7 (the dimension of the state space is 128 then), it is tedious but quite possible, through successive iterations, to get the explicit expressions of the six subsets of equalities expressing unentanglement. They are respectively (38) . We now establish this result, again using mathematical induction. We first suppose that it is true that Eqs. 
Discussion
It is possible to build other sets of equalities which are obeyed if and only if an arbitrary pure state | Ψ > is unentangled. When N = 3, for instance, keeping the same approach, it is easy to replace (7) with condition c 1 c 7 = c 3 c 5 . Then, with the same approach for N > 3, all even c i coefficients in the subsets S k with k > 1 are suppressed. For N = 6, e.g. the S 5 subset becomes c 1 c 49 = c 17 c 33 . Use of even indices leads to simpler expressions, which explains the choice made in this paper.
In [8] , with N = 2, if at least one of the c i coefficients is equal to 0, it was shown that condition c 1 c 4 = c 2 c 3 is still valid. In Section 3 of the present paper, it was assumed that c i = 0 for any i. When N = 3, if e.g. c 5 = 0, then in Eq. (9) the (c 5 /c 1 ) | −+ > term is absent and | Ψ > is then unentangled only if c 6 = 0 (cf. the presence of the (c 6 /c 2 ) | −+ > term in Eq. (9)). When N > 3, if c 5 = 0, then in all the subsets expressing unentanglement, the c 6 terms will be absent. The reason is that in Eq. (24) the (unexplicitly written) c 5 /c 1 term of qubits 1 to (N − 1) is associated with the c 1 | + > state of qubit N, and the corresponding state of qubits 1 to (N − 1) associated with the c 2 | − > state of qubit N has a c 6 /c 2 coefficient. This reasoning may also be used if more than one c i coefficient are equal to 0.
When N = 20, the dimension of the state space E 20 is 2 20 , which is roughly 10
6 . An unentangled normed state then depends upon 40 real numbers only. In the context of Quantum Information Processing, it is generally considered that the wealth of the quantum behaviour originates in the existence of entanglement, but it may be important to be able to decide whether a given pure state is entangled or not, e.g. in order to achieve BQSS or BQPT, and finding a necessary and sufficient condition is therefore significant. The present paper has shown that, when | Ψ > is unentangled, there exist [2 N − (N + 1)] independent equalities between the c i coefficients, the value of which is itself roughly 10 6 when N = 20. But it has also been found that these equalities may be classified into only (N − 1) subsets, e.g. 19 subsets when N = 20. It is hoped that this classification should allow tractable operations in numerical simulations or calculations.
In [8] , when the necessary and sufficient condition c 1 c 4 = c 2 c 3 was established, its interest in the BQSS context was explained, and the reader is referred to that paper. Presently, N > 2, which has several consequences. First, considering the Schmidt number [8] becomes meaningless, since the Schmidt decomposition is defined for a bipartite system ( [2] , pp. 65 -66). Secondly, the Peres-Horodecki criterion [12] expresses a necessary and sufficient condition, valid for both pure and mixed states (in this last case through the concept of separability [2] ), and involving low dimensional subsystems, but it is again restricted to bipartite systems. On the contrary, the present paper is aimed at establishing a necessary and sufficient condition for the unentanglement of a system of N qubits in a pure state, N being finite and otherwise arbitrary.
We finally come to recent papers making use of a Local Unitary (LU) transformation. Ninety years after the building of modern Quantum Mechanics (QM), there is a vast literature devoted to its foundations (see e.g. [1] , [13] , [16] and their own references), while most physicists have implicitly chosen to use QM rather than to think about its deep content. The following lines just aim at drawing a link between these recent papers and this literature. Paty [15] has stressed that, historically, well before the famous 1935 EPR paper, Einstein, at the 1927 Solvay Congress [11] (p. 256), exposed his concern about what he would later on call the incompleteness of QM. In his 1995 paper, Paty clearly and convincingly asserts that "it is only recently, indeed, that the concept of non-locality as a fundamental feature of quantum mechanics has been fully appreciated, and commentators have seldom realized that this was one of Einstein's main points", and that "it is in the Einstein-PodolskyRosen's paper itself that non-locality is described and that emphasis is put on it". At the same 1927 meeting, Einstein stated that the interpretation of | Ψ | 2 as a probability density for a single particle (rather than for an ensemble of particles) implied, for him, "a contradiction with the principle of relativity". where e.g. | +x, −x > means | 1, +x > ⊗ | 2, −x >, and | i, +x > (resp. | i, −x >) is the eigenket for s ix for the eigenvalue 1/2 (resp. −1/2), with i = 1, 2. This transformed ket happens to be entangled. Then, if qubit 1 is in space-time zone 1, and qubit 2 in space-time zone 2, separated by a spacelike interval, and if one moreover imagines two experimenters, A(lice) and B(ob), A being able to access qubit 1 (only) and B qubit 2 (only), then U = U (1)⊗ U (2) keeps unentanglement and is said to be a Local Unitary (LU) transformation. On the contrary, U = e ias1xs2x , which does not systematically keep unentanglement, is said not to be an LU transformation. And two pure states are said to be equivalent if they differ by an LU transformation only (cf. e.g. the review article [17] ).
People trying to introduce a degree of entanglement between all the possible pure states of a multipartite system are led to make no distinction between equivalent states. On the contrary, in the context of BQSS, this concept of equivalence through an LU transformation plays no role. If a given pure state | Ψ > is written at the input of the mixer, and a state | Φ > is read at its output, the aim is not to retrieve some state | Ξ > equivalent to | Ψ >, with the meaning that | Ξ > and | Ψ > differ by an LU transformation, but to retrieve state | Ψ > itself, possibly up to some acceptable indeterminacies -in fact, a far weaker concession compared to an arbitrary LU transformation. Clearly then, papers trying to establish necessary and sufficient conditions for entangled states when two pure states differ only by an LU transformation [17] in fact do not consider the situation found e.g. in BQSS, where the concept of equivalent states is up to now irrelevant.
Conclusion
In the 2009 review article devoted to entanglement [12] , the Horodecki team noticed that "it appears that this new resource is complex and difficult to detect". Experimental and theoretical aspects were both involved. If one focuses this comment on the idea that establishing whether a pure state is entangled or not is a cumbersome task, the following remarks may be made. In the present paper, devoted to an arbitrary number, N, of distinguishable qubits, it has been shown that if a pure state of that N -qubit system is developed over the 2 N basis states of the generalized standard basis (or of some arbitrary well-defined basis), as | Ψ >= i c i | i >, one is then led to introduce (N − 1) subsets of equalities, which are verified if and only if | Ψ > is unentangled. It should however be realized that if N = 20, these 19 subsets together collect [2 N − (N + 1)] equalities, which is here roughly equal to 2 20 , i.e approximately 10
6 . While the complexity of the problem is reflected in the fact that the number of equalities roughly grows as 2 N , it is hoped that the necessary and sufficient condition established in this paper, which introduced a systematic ordering within these equalities, through a classification into (N − 1) subsets, may in practice help in the manipulation of the entanglement concept.
